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Machine learning to compute implied volatility from European/American options considering dividend yield

1. Problem formulation

The Black-Scholes model for pricing European options reads,

where 𝑟 and 𝑞 are the risk-free interest rate and continuous dividend yield,

respectively. For American options, the original Black-Scholes equation becomes a

variational inequality,

where the free boundary condition is 𝑉𝑎𝑚(𝑆, 𝑡) ≥ 𝐻(𝐾, 𝑆𝑡) , and the terminal

condition is 𝑉𝑎𝑚(𝑆, 𝑇) ≥ 𝐻(𝐾, 𝑆𝑇) . The European/American Black-Scholes

solution is denoted by 𝑉𝑒𝑢/𝑎𝑚 = 𝐵𝑆𝑒𝑢/𝑎𝑚 𝜎, 𝑆0, 𝐾, 𝜏, 𝑟, 𝑞, 𝛼 . Given an observed

market option price, 𝑉𝑚𝑘𝑡 (European or American), the Black-Scholes implied

volatility, 𝜎∗is defined by

There does not exist a closed-form expression of the inverse function for neither

European-style nor American-style options. A popular way is to formulate the

above problem into a minimization problem,

However, some issues are likely to arise when using derivative-based root-finding

numerical algorithms to solve (4), see figure below.

2. Methodology

In order to avoid an iterative algorithm, we provide a data-driven approach for directly

approximating the inverse function of (3) via neural networks. Mathematically, an

artificial neural network (ANN) can be represented as a composite function,

where 𝒙 stands for the input variables, ϴ for the hidden parameters (i.e. weights and

biases) and 𝐿 for the number of hidden layers.

The implied volatility defined by Equation (3) can be written as an inverse function of

the pricing model,

where 𝐵𝑆−1(⋅) denotes the inverse Black-Scholes function (European-style or

American-style). We use a deep neural network to approximate the inverse Black-

Scholes function,

2.1 ANN for European implied volatility

The inverse Black-Scholes function probably gives rise to steep gradients of the

volatility with respect to the option price. It is known that the ANN has difficulties

accurately representing such gradients. Here we employ the gradient-squashing

technique to address this issue,

2.2 ANN for American implied volatility

For training the ANN to compute implied volatility from American options, there are

two steps, due to the early-exercise feature. First, we need to compute again the

gradient-squashed time value of an American option,

Second, the effective definition domain Ωℎ of the inverse function (8) is numerically

found based on the generated samples.

3. Numerical results

Besides of being robust, the neural network (IV-ANN) solver is much faster than

an iterative numerical solver to compute implied volatility from

European/American options including dividends.
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